INTRODUCTION
The Nottingham group, J, may be described as the group of normalized ww xx automorphisms of the ring F t , namely, those automorphisms acting p Ž . Ž . 2 trivially on t r t . It is a finitely generated pro-p group. Originally w x Ž defined by Jennings 2 as a group of formal power series under substitu-. w x w x tion , it was really Johnson 3 and York 10 who brought J to the attention of group theorists. In this paper we prove the following result.
THEOREM. E¨ery countably based pro-p group can be embedded, as a closed subgroup, in the Nottingham group.
A simple corollary of this result is a positive answer to the conjecture, w x posed by Shalev 5 , as to whether a free abstract group of rank 2 can be embedded in J.
The first result in this direction is the theorem of Leedham-Green and Weiss, which says that every finite p-group can be embedded in J. The proof of this theorem depends on two papers of Witt dating from the 1930s w x 8, 9 . To set the stage, we first briefly summarise these papers and then prove the result of Leedham-Green and Weiss, which is still unpublished.
Next, we analyse where these finite subgroups of J lie. More precisely, we analyse where the elements of these subgroups lie in J with respect to a natural filtration of J, which is closely related to its lower central series. Once this has been established it is possible to ''link up'' these finite subgroups in a suitable way and hence prove that every finitely generated pro-p group can be embedded, as a closed subgroup, in J. We can then w x apply a theorem of Lubotzky and Wilson 4 , and conclude that every countably based pro-p group can be embedded in J. 
PRELIMINARIES
We can now define the Nottingham group. DEFINITION 1. The Nottingham group, J, is defined as the subgroup of Ž ŽŽ ... A s Aut F t consisting of automorphisms of the form
When we want to be precise about which field J is acting on, we shall Ž . write J t for J. The following lemma is clear. LEMMA 1. J is a normal subgroup of index p y 1 in A.
It is clear that J 1 J and JrJ s p . It can then be proved that
The next definition, although simple, will be very useful throughout this paper. ŽŽ .. depth of the identity to be ϱ. When J is acting on the field F t , and we 
THE WITT ALGORITHM
In this section we summarise some of Witt's results, on which the rest of w x this paper will be based. Witt 8 constructs abelian field extensions of exponent p, of a given field k of characteristic p / 0, as follows.
Let k be a field of characteristic p, and let k q denote the additive group of the field k and k the algebraic closure of k. Define the map ဧ of k as follows:
After realising elementary abelian p-groups as Galois extensions, Witt considered the general finite p-group case, using an induction procedure w x based on the elementary abelian case 9 .
Ž . Assume H is a finite p-group with a nontrivial Frattini subgroup,
where Z H denotes the centre of H. Also, suppose we already have Ž . M(Gal Krk for some extension field K of k, where HrL ( M. Then,Ž . to find Galois extension fields K of k such that Gal Krk ( H, proceed as follows.
¬s, ¬t.
Ž .
c Choose a nonzero additive character of L.
Then H ( Gal Krk and a crossed product representation of the ele-Ž . Ž . ments of Gal Krk is given as follows. Suppose l g L and s g Gal Krk .
Ž . Then define l,¨g Gal Krk in the following way: 
He does this so that he can later calculate the number of possible field extensions. However, his proof also covers the case when L is not maximal. Therefore, it is possible to construct the required field extension in smaller steps, that is, at each stage to take L Ž . Ž . < < such that L F ⌽ H l Z H and L s p, as we have described.
Ž .
ŽŽ .. iii Later, we will be considering the case where k s F t . In this p case, Witt's extensions are totally ramified, assuming that the initial elementary abelian extension is. Although Witt does not prove this directly, his proof that ␥ is linearly independent with respect to ဧ K also proves this fact. 
ŽŽ ..
The next result is a direct consequence of this theorem, since the w derived length of soluble linear groups in a given dimension is bounded 6, x 3.7 .
COROLLARY 1. J is not linear o¨er any field.

SOME INTRODUCTORY LEMMAS
We will now prove a few lemmas which will be useful when applying Witt's work to the Nottingham group. The following lemma is just a different way of viewing Lemma 2.
Ž . where¨␥ F 0, and if¨␥ -0 then¨␥ k 0 mod p.ˆN ote. If the addition of a ''root'' of ␥ , that is, an element such that ŽŽ .. ဧ s ␥ , gives a totally ramified extension of F t , then in the preceding p Ž . result we have the stronger conclusion that¨␥ -0. This will be the casê when we apply this lemma later.
The rest of the lemmas in this section will be proved under the following hypothesis. 
ž / p p and g is gi¨en by
Proof. Compare the following expressions for Tg:
Delete the initial Ý a T term from both sides of the equation. The isp i remaining terms on the right-hand side of the equation must cancel. For this to happen the following must hold:
Gi¨en the conditions of the hypothesis, suppose g g J T and
Proof. Consider the following expressions for Tg:
Delete the initial Ý a T term from both sides of the equation and isp i compare the resulting first terms.
In the first expression the first term is given by ␤ a T .
kq1 pˆŽ nq1.p
In the last expression the first term is either a ␣ T , p nq1 uy1ˆnq1 a T u␣ T or these two terms cancel.
Ž . So, we must have n -r. Hence n q 1 p -u q n and consequently for Ž . Ž . the first terms to compare n q 1 p s k q 1 p, that is, n s k as required. We now want to analyse ''where'' an arbitrary finite subgroup of J lies, or more exactly, where it is possible for such a subgroup to lie. To embed an arbitrary finite p-group, H, in J using Witt's algorithm, we proceed inductively, first embedding factor groups of H in J. We prove that once a nontrivial homomorphic image of an element of H has been defined in J then, given suitable choices of further field extensions, its depth has been fixed.
Recall 
Clearly, the are isomorphisms and are depth invariable, that is,
Ž . Ž .
Ä 4 So, now each generator, s , of P defines a sequence, s , of elements
Since J is compact and countably based, so is J = иии = J and conse-
Ä Ž . 4 quently this sequence has a convergent subsequence, s , . . . , s say,
Now define a word w to be an element of the free pro-p group on r Ž Ž1. Ž r . . generators. Let h g P. Then h s w s , . . . , s for some word w; note w need not be of finite length. Next, define a map from P to J in the following way:
⌰: P ª J , h s w s Ž1. , . . . , s Ž r . ¬ w x Ž1. , . . . , x Ž r . .
Ž . Ž .
First we need to check that ⌰ is well defined. For the map to be well defined, it is sufficient to prove the following:
w s Ž1. , . . . , s Ž r . s 1 « w x Ž1. , . . . , x Ž r . s 1.
We fix the word w being considered and think of it as a map
Then w is a continuous map. If w is finite, continuity follows directly from the fact that J is a topological group. If w is infinite, continuity follows from the fact that J ( lim JrJ and each map w s w , where : both referees for their useful comments, in particular, for the improvements to the proof of Theorem 4.
